Partial difference sets with parameters (v, k, λ, µ) = (v, (v − 1)/2, (v − 5)/4, (v − 1)/4) are called Paley type partial difference sets. In this note we prove that if there exists a Paley type partial difference set in an abelian group G of an order not a prime power, then |G| = n 4 or 9n 4 , where n > 1 is an odd integer. In 2010, Polhill [9] constructed Paley type partial difference sets in abelian groups with those orders. Thus, combining with the constructions of Polhill and the classical Paley construction using non-zero squares of a finite field, we completely answer the following question: " For which odd positive integer v > 1, can we find a Paley type partial difference set in an abelian group of order v?"
Introduction and main result
Let G be a finite abelian group of order v, and let D ⊆ G be a subset of size k. We say that D is a (v, k, λ, µ)-partial difference set (PDS) in G if the expressions gh −1 , g, h ∈ D, g = h, represent each non-identity element in D exactly λ times, and each non-identity element of G not in D exactly µ times. If we further assume that D (−1) = D (where D (s) = {g s : g ∈ D}) and e / ∈ D (where e is the identity element of G), then D is called a regular partial difference set. A regular PDS is called trivial if D ∪ {e} or G \ D is a subgroup of G. The condition that D be regular is not a very restrictive one, as D (−1) = D is automatically fulfilled whenever λ = µ, and D is a PDS if and only if D ∪ {e} is a PDS.
Throughout this paper, we will use the following standard notation: β = λ − µ and ∆ = β 2 + 4(k − µ). [7] discovered the following well-known family of PDSs.
Example: Let q be a prime power with q ≡ 1 (mod 4). The set of nonzero squares in the finite field F q is a Paley type PDS in the group (F q , +).
Athough many further examples of Paley-type PDSs in p-groups were found (for example [2] In 2009, Polhill [8] gave the first construction of Paley type PDSs in groups having a non-prime power order (namely in Z 2 3 × Z 4t p , p an odd prime). In 2010, Polhill [9] gave a much more general construction and showed that Paley type PDSs exist in some abelian groups with orders n 4 and 9n 4 for all n where n is odd and n > 1. Thus it is natural to ask the following question:
Question 2: For which odd positive integer v > 1, can we find a Paley type PDS in an abelian group of order v?
Before we get into more details of answering the above question, we will mention an important result that was proved by Ma [4] in 1984. 
where p is a prime congruent to 1 modulo 4.
Let D be a regular Paley type PDS in an abelian group G, where |G| = v.
If v is not a square, then by Theorem 1.1, we have |G| = v = p 2s+1 for some prime p ≡ 1 (mod 4). For a prime power q ≡ 1 (mod 4), we can always construct a Paley type PDS in (F q , +) using the non-zero squares of the finite field F q . Thus to answer Question 2, we only need to focus on the existence of Paley type PDSs when v is a perfect square and not a prime power, that is, when v = p
In [10] , we partially answered this question. In this note, we will completely answer Question 2, and we record our main result below: 
Proof of Theorem 1.2
Below we cite a result on "sub-partial difference sets" which was discovered by Ma in [5] , and also recorded in the 1994 survey of Ma [6] . We quote this result in the form given in [1] .
where π = gcd(|H|, δ) and θ is the integer satisfying (2θ − 1)π ≤ β < (2θ + 1)π. Moreover, if D 1 = ∅, D 1 = H \ {e} and if δ = p r π, where p ≥ 5 is a prime and π > 1 is relative prime to p, then either r is even and θ ≡ 0 (mod p − 1) or r is odd and θ ≡ (p − 1)/2 (mod p − 1).
Note: In Theorem 2.1, if ∆ 1 = |H|, we have
Now we state our first result:
Theorem 2.2 Let G be an abelian group of order p 2r u 2 , p ≥ 5 a prime number, u > 1, and gcd(p, u) = 1. If D is a Paley type partial difference set in G, then r is even.
Proof: We prove this by contradiction. Assume r is odd. Since D is a Paley type partial difference set in G, we have ∆ = β 2 + 4(k − µ) = p 2r u 2 , δ = √ ∆ = p r u. Let H be a subgroup of G of order u 2 . By Theorem 2.1 we have π = gcd(|H|, δ) = u, and D 1 = D ∩ H is also a regular partial difference set in H, and θ is the integer satisfying (2θ − 1)π ≤ β = −1 < (2θ + 1)π. Thus θ = 0, and β 1 = β − 2θπ = −1. Since ∆ 1 = π 2 = u 2 = |H|, by Theorem 2.1 we know that
Since u > 1, we have D 1 = ∅. Also D = H \ {e}. As π = u > 1 and gcd(p, u) = 1, by Theorem 2.1, if r is odd, we have
contradicting with the fact that θ = 0. Thus the conclusion follows.
. By applying Thorem 2.2, we can prove the following Corollary:
Corollary 2.3 Let G be an abelian group, and |G| = p and applying Theorem 2.2, we have that t i must be an even number. Thus it follows that |G| = n 4 or 9n 4 , with n > 1 an odd positive integer.
.
On the other hand, in 2010 J. Polhill [9] proved the following results:
Theorem 2.4 Let n be a positive odd number with n > 1. Then there is a Paley type partial difference set in a group of order n 4 and 9n 4 , respectively.
Combining Corollary 2.3 and Theorem 2.4, Theorem 1.2 follows.
